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In particular, every 0-din . 2ⁿᵈ oh / space admits a cfbl basis

of dopeu sets
.

Topological characterizations of our champion O - din Polish spaces.
IBrouwer)

Char
.

of 2
"

The Cantor space 21N is the unique D-dim perfect
wnpact metrizable nonempty top space
lap to homeomorphism) .

Proof
. Fix such a space ✗ and build a howeowi IN 5 X .

We construct a Cantor share 14s)sez4N of

vanishing diam. sot
.

(it Us = Uso V Ust
fil Us f-∅ dopeu .

Given this
,
here Ñsi = Usi c- Us at Us -1-01 ensures

tht the domain of the induced map is 2 "Y undihin
( it ensures sapjeufivity , I f is open bear Us is open
(also
, automatically , base 2

'"
is 6-part.

We now build such a scheme inductively .

let U∅ :-X.



Us

" f " / 4 Suppose Us is defined at satisfies Iii) .
Vu V5 V6 lover Us with dopeu subsets of diameter

≤ 2"
" I try wnpactwn , there is a finite

suborner: V1
,
V2
,
. . .

,
Vu

.

WLOU
,
assay these are henenptg.

Also
,
time Ills 1>-2 by perfection

,
we may assure

Wloh tht n≥? Finally , base the Vi are dopa ,
assure Wloh hit they are pairwise disjointI

④
( replace Vi with Vil KUKU .

-0 Vid ) ,
014 Continue

, considering the next shortest 1- c- 2
""

?⃝ sit
. Ut is defined but Uto I UH aren't

.

ViV.iVVnlAlexaudrov-Urysohnl1l@Char.aflNlN.VBaire space IN
"V
i, the

vii.V4 unique 0- dim perfect far- from - carpet
/ ④ Polish space

(
up to

y homeomorphism) , where far- from -

Vn- "

\

"

compact means tht every cop act subset

/ Vat has empty interior
.

④
In particle , with no work we get tht 112101 ishomomorphicto IN

"?



O-din Polish as closed uhxf , of 1N
"!

Theorem
. Every 0 - din Polish space ✗ is homomorphic to

a closed subset of 1N
"! In particular, it's

ef the form [T) for Sou tree T on IN .

Proof. We build a Latin scheme (Us) sew ' "V Of vanishing
dimeter sit

. f) Us = U Usi .
IEIN

Iii) Us is doper .
This ensures tht the induced

map f is open
I

,
here Ñsi = Usi ≤ Us I the diameter vanishes

,

the domain off is closed
.

(it ensures inrjechiitg ,
so f is a hour of a closed subset af IN

'" with X
.✗

' - '
ʰᵗ "∅ ✗ - Suppa Us it defied I

write it as a disjoint union of dopa
: :

°

! sets Uso
,
Us , , Us,,. . . at diaw < 2-"l

.

(Sou of these Usi - s may be empty . )

Parautñtiy every
Polish space with IN

"!

theorem
. Every newapty Polish space is a continuous image



of 1N
"! In fact

, every Polish space is a continuous

injective image of a closed subset of 1N
"" that

not necessarily via an open map) .

Proof. The "
in fact " statement implies the main statement bare

every nounpt, closed subset of INN is a refract
of 1N

"! Now let ✗ be a Polish space .

We build

a Latin scheme (E) se /NaN of vanishing dian sat
.

(it Fs = Ll Fsi f- U Fsi ,
hence automatically Fr) .

ic.IN IEIN

④ Tsi ≤ Fs
.

Liii) Fs is Fr
.

Granted this
,

the induced
map

would be a surjective
continuous injection with closed domain

.

Take F∅:=X .

We write ✗ as a union of

open sits of small diameter I then disjoiutifg ,False
getting some Boolean co-binational open sits : Fi , Fi, . . .*←Pt In the next step , take Fo al again ve can write
it a a disjoint union of small diam .

sets : Foo
, Foy . . .

but how would we ensure tht Foi ≤ F. ? This is hard

here to is neither open nor closed
.

After adding Kii) , we suppose ht Fs is defined and



is For
,
i. e. Fs = U Cn . We write each

HEIN
Cn as a union of Boolean combinations
of open sets Guo

,
Gu
, ,
Car

,
. . .

Of diaw < 2- 1st

to Fs = ¥ ,µ¥µ(ni .
Now we disjointing all

these sets
,
I obtain E. = Ll Dm where end

MÉIN
Dm is still a Boolean combo of

open , hence For
.

Put Fsm := Dm .
(Here we used IN ✗ IN EIN)

Baire category

Nowhere dense uh
,

let ✗ be a top . space . A at Y≤ ✗ is

is somehow lease if 3- uoneztg open
U ≤✗ sit . YAU is

due in U
. Thus

,
we call a set Y ≤ ✗ nowhere dense

if it's not somewhere dense
,
i.e . b- ∅ =/ open UEX ,

YAU is net dense in U
,
i. e. 7 ∅# open ✓ ≤ Unit

.

Y1V=∅.

4 Y
'

Prop . in a top. space ✗ I YEX,
TFAE :

H Y is nowhere dense
.

↑ (2) For every 01=1 open sit U ≤ ✗ ,
7∅≠opeaV≤ 11

Y



s.t.MY =p .
H T has empty interior.

Proof
. (3)⇒ 41 . Note M int (F) =∅ ⇒ T is where dear

here Yi, where dense
.

H ⇒ H
.

If V. is not dare in
any

01=1 open sit
tht the vk.me won't contain a ≠

open set.

Prop . let ✗ be a top . space I Y, U≤ X .

(a) A is nowhere dense <⇒ A- is no-here close
.

④ If U is open , then OU ≤ = 4- Ill is nowhere dense
.

(c) If U it dense open , this U
'
it closed where dense

.

Proof
.

U' = OH
,
so by lb) .

(d) Nowhere dense sets form an ideal
,
i. e. are closed

under finite unions
.

Proof
.

U

,

w

A:B' for
any A

,
B nowhere dense

.


